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INTEGRAL K-OPERATOR FRAMES FOR B(H)
H. LABRIGUI1∗, M. ROSSAFI1, A. TOURI1 and S. KABBAJ1
Abstract. In this paper, we will introduce a new notion, that of K-Integral
operator frames in the set of all bounded linear operators noted B(H), where H
is a separable Hilbert space. Also, we prove some results of integralK-operator
frame. Lastly we will establish some new properties for the perturbation and
stability for an integral K-operator frames for B(H).
1. Introduction and preliminary
The notion of frames in Hilbert spaces has been introduced by Duffin and Scha-
effer [17] in 1952 to study some deep problems in nonharmonic Fourier series, after
the fundamental paper [4] by Daubechies, Grossman and Meyer, frames theory
began to be widely used, particularly in the more specialized context of wavelet
frames and Gabor frames [3]. The theory of frames has been applied to signal
processing, image processing, data compressing and so on.
This last decade have seen tremendous activity in the development of frame the-
ory and many generalizations of frames have come into existence. Theory of
frames have been extended from Hilbert spaces to Hilbert C∗-modules [6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 18].
Some generalizations of frames for Hilbert spaces have been introduced and stud-
ied especially operator frame. The concept of operator frame for the space B(H)
of all bounded linear operators on Hilbert space H was introduced by Chun-Yan
Li and Huai-Xin Cao [2].
Motivated by the work of Chander Shekhar and Shiv Kumar Kaushik [1], we
introduce and study a new notion that of ” Integral K-operator frame for B(H)”.
Also we give some new properties.
In what follows, we set H a separable Hilbert space and B(H) the set of all
bounded linear operators from H to H and (Ω, µ) is a measure space with posi-
tive measure µ.
Let K, T ∈ B(H), if TK = I, then T is called the left inverse of K, denoted by
K−1l .
If KT = I, then T is called the right inverse of K and we write K−1r = T .
If KT = TK = I, then T and K are inverse of each other.
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For a separable Hilbert space H and a measurable space (Ω, µ), define,
l2(Ω, H) = {xω ∈ H, ω ∈ Ω,
∥∥∥∥
∫
Ω
〈xω, xω〉dµ(ω)
∥∥∥∥ <∞}.
For any x = (xω)ω∈Ω and y = (yω)ω∈Ω, the inner product on l
2(Ω, H) is defined
by,
〈x, y〉 =
∫
Ω
〈xω, yω〉dµ(ω).
And the norme is defined by ‖x‖ = 〈x, x〉 12 .
Definition 1.1. A sequence {αi}i∈I ⊂ R is said to be positively confined if:
0 < inf
i∈I
αi < sup
i∈I
αi <∞
Where I is a finite or countable index subset.
Theorem 1.2. [16] Let H be a Hilbert space and T,K ∈ B(H). Then the follow-
ing statements are equivalent:
1. R(K) ⊆ R(T ).
2. KK∗ ≤ λ2TT ∗, for some 0 < λ.
3. K = TQ, for some Q ∈ B(H).
Lemma 1.3. [5]. Let (Ω, µ) be a measure space, X and Y are two Banach spaces,
λ : X −→ Y be a bounded linear operator and f : Ω −→ X measurable function;
then,
λ(
∫
Ω
fdµ) =
∫
Ω
(λf)dµ.
2. Integral K-operator frame
Definition 2.1. Let K ∈ B(H), and Λ = {Λω ∈ B(H), ω ∈ Ω}, the family Λ
is said an integral K-operator frame for B(H), if there exists a positive constants
0 < A,B <∞ such that :
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2 x ∈ H, (2.1)
where A and B are called lower and upper bounds for the integral K-operator
frame Λ, respectively.
An integralK-operator frame {Λω}ω∈Ω is said to be tight if there exists a constant
0 < A such that,
A‖K∗x‖2 =
∫
Ω
‖Λωx‖2dµ(w) x ∈ H. (2.2)
It is called a parseval integral K-operator frame if A = 1 in last inequality.
If only upper inequality of (2.1) holds, then the family {Λω}ω∈Ω is called an
integral K-operator Bessel family for B(H).
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Example 2.2. Let H a Hilbert space defined by:
H =
{
A =
(
a 0
0 b
)
/ a, b ∈ C
}
,
We define the inner product :
H ×H → C
(A,B) 7→ 〈A,B〉 = aa¯1 + bb¯1
where A =
(
a 0
0 b
)
and B =
(
a1 0
0 b1
)
So, we have : ‖A‖ =
√
|a|2 + |b|2
Now, we consider a measure space (Ω = [0, 1] , dλ), whose dλ is a Lebesgue
measure restraint on the interval [0, 1].
For all w ∈ [0, 1], we define :
Λω : H −→ H
A −→
(
w 0
0 w
2
)
A
It is clear that the family {Λω}w∈[0,1] be a family of continuous operator on H .
Moreover, we have :
‖Λω(A)‖2 = 〈ΛωA,ΛωA〉
= w2|a|2 + w
2
4
|b|2
Hence, ∫
Ω
‖Λω(A)‖2dλ(w) = |a|2
∫
Ω
w2dλ(w) + |b|2
∫
Ω
w2
4
dλ(w).
For all λ ∈ [0, 1], we define :
K : H −→ H
A −→
(
λ
2
0
0 λ
4
)
A
So,
‖K∗A‖2 = |λ|
2
4
|a|2 + |λ|
2
16
|b|2
We conclude that ,
‖K∗A‖2 ≤
∫
Ω
‖Λw(A)‖2dλ(w) ≤ 1
3
‖A‖2
Which shows that {Λw}w∈[0,1] is a integral K-operator frame for B(H).
Let {Λω}ω∈Ω be an integral K-operator frame for B(H), we define an operator:
R : H −→ l2(Ω, H)
x −→ R(x) = {Λωx}ω∈Ω.
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It easy to show that the R is a linear and bounded operator, called the analysis
operator of the integral K-operator frame {Λω}ω∈Ω.
The adjoint of the analysis operator R is defined by :
R∗ : l2(Ω, H) −→ H
{xω}ω∈Ω −→ R∗(x) =
∫
Ω
Λ∗ωxωdµ(ω).
By composing R and R∗, the frame operator S for the integral K-operator frame
{Λω}ω∈Ω is given by :
Sx = R∗Rx =
∫
Ω
Λ∗ωΛωxdµ(ω).
Clearly to see that the frame operator S is positive, sefadjoint and bounded.
Proposition 2.3. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame
for B(H) with frames bounds A and B, then {Λω}ω∈Ω is an integral operator
frame for B(H) if K is surjective.
Proof. Let {Λω}ω∈Ω be an integral K-operator frame for B(H), then
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2 x ∈ H, (2.3)
Since K is surjective, then there exist α > 0 such that
α‖x‖ ≤ ‖K∗x‖, x ∈ H. (2.4)
So,
α2A‖x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2 x ∈ H. (2.5)
Which shows that {Λω}ω∈Ω is an integral operator frame for B(H) with frames
bounds α2A and B. 
Theorem 2.4. Let {Λω}ω∈Ω be an integral K-operator Bessel family for B(H),
the following statements are equivalent :
1- {Λω}ω∈Ω is an integral K-operator frame for B(H).
2- There exist 0 < A such that AKK∗ ≤ S, where S is the frame operator
for {Λω}ω∈Ω.
3- K = S
1
2L, for some L ∈ B(H).
Proof. (1) =⇒ (2) Let Λ = {Λω}ω∈Ω be an integral K-operator frame for B(H),
with bounds A and B, then:
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2. x ∈ H, (2.6)
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Let S the frame operator for Λ, by lemma 1.3, we have :
〈Sx, x〉 = 〈
∫
Ω
Λ∗ωΛωxωdµ(ω), x〉
=
∫
Ω
〈Λ∗ωΛωxω, x〉dµ(ω)
=
∫
Ω
〈Λωxω,Λωx〉dµ(ω)
=
∫
Ω
‖Λωx‖2dµ(ω).
From (2.6), we obtaint,
〈AKK∗x, x〉 ≤ 〈Sx, x〉 ≤ 〈Bx, x〉 x ∈ H. (2.7)
Then : AKK∗ ≤ S.
(2) =⇒ (3) Suppose there exist 0 < A such that AKK∗ ≤ S, then we have
AKK∗ ≤ S 12S 12 .
Hence,
〈AKK∗x, x〉 = A〈K∗x,K∗x〉 ≤ 〈S 12S 12x, x〉 = 〈S 12x, S 12x〉 x ∈ H.
So,
‖K∗x‖2 ≤ A−1‖S 12x‖2 x ∈ H.
By theorem 1.2 we have :
K = S
1
2L for some L ∈ B(H).
(3) =⇒ (1) Let K = S 12L for some L ∈ B(H).
By theoreme 1.2, there exist 0 < A such that :
‖K∗x‖ ≤ A‖S 12x‖ x ∈ H.
So, on one hand we have:
A−2‖K∗x‖2 ≤ ‖S 12x‖2 = 〈S 12x, S 12x〉 = 〈Sx, x〉 =
∫
Ω
‖Λωx‖2dµ(ω).
On other hand, we assumed that {Λω}ω∈Ω be an integralK-operator Bessel family
for B(H), which ends the proof. 
Theorem 2.5. Let K,L ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame
for B(H), then {ΛωL}ω∈Ω is an integral L∗K-operator frame for B(H).
Proof. Let {Λω}ω∈Ω be an integral K-operator frame for B(H) with bounds A
and B, then,
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2 x ∈ H.
Then,
A‖K∗Lx‖2 ≤
∫
Ω
‖ΛωLx‖2dµ(w) ≤ B‖Lx‖2 x ∈ H.
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So,
A‖(L∗K)∗x‖2 ≤
∫
Ω
‖ΛωLx‖2dµ(w) ≤ B‖Lx‖2 x ∈ H.
Since :
B‖Lx‖2 ≤ B‖L‖2‖x‖2.
Then {ΛωL}ω∈Ω is an integral L∗K-operator frame for B(H) with bounds A and
B‖L‖2. 
Theorem 2.6. Let K ∈ B(H) and {Λω}ω∈Ω be a tight integral K-operator frame
for B(H), with bound 0 < A. Then {Λω}ω∈Ω is a tight integral operator frame for
B(H) with frame bound B if and only if K−1r = ABK∗.
Proof. Let {Λω}ω∈Ω be a tight integral operator frame for ∈ B(H) with bound
0 < B, then : ∫
Ω
‖Λωx‖2dµ(ω) = B‖x‖2.
So, for each x ∈ H , we have :
A‖K∗x‖2 = B‖x‖2.
Moreover;
〈KK∗x, x〉 = 〈B
A
x, x〉 x ∈ H.
Hence, : K−1r =
A
B
K∗.
Conversely, Suppose that K−1r =
A
B
K∗. Then, KK∗ = B
A
I.
So,
〈KK∗x, x〉 = 〈B
A
x, x〉 x ∈ H.
Since {Λω}ω∈Ω is a tight integral K-operator frame for B(H) with bound B, we
have: ∫
Ω
‖Λωx‖2dµ(ω) = B‖x‖2.
Which ends the proof. 
Theorem 2.7. Let L,K ∈ B(H), if {Λω}ω∈Ω is an integral K-operator frames
and integral L-operator frame for B(H) and a, b are non nul scalars, then {Λω}ω∈Ω
is an integral (aK + bL)-operator frames and an integral KL-operator frame for
B(H).
Proof. Let {Λω}ω∈Ω be an integral K-operator frames and integral L-operator
frame for B(H), then there exists 0 < A,B < ∞ and 0 < C,D < ∞, such that,
for all x ∈ H , we have :
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2, (2.8)
C‖L∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ D‖x‖2, (2.9)
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Then,√
AC‖(aK + bL)∗x‖ ≤
√
AC‖aK∗x‖+
√
AC‖bL∗x‖
≤
√
C|a|(
∫
Ω
‖Λωx‖2dµ(w)) 12 +
√
A|b|(
∫
Ω
‖Λωx‖2dµ(w)) 12
≤ (
√
C|a|+
√
A|b|)(
∫
Ω
‖Λωx‖2dµ(w)) 12
So,
AC‖(aK + bL)∗x‖2 ≤ (
√
C|a|+
√
A|b|)2(
∫
Ω
‖Λωx‖2dµ(w)) (2.10)
From (2.8), (2.9) and (2.10), we obtaint,
AC
(
√
C|a|+√A|b|)2‖(aK + bL)
∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B +D
2
‖x‖2
Wich show that {Λω}ω∈Ω is an integral (aK + bL)-operator frame for B(H).
Also, for all x ∈ H , we have :
‖(KL)∗x‖2 = ‖L∗K∗x‖2 ≤ ‖L∗‖2‖K∗x‖2. (2.11)
By (2.9) and (2.11), we conclude:
A
‖L∗‖2‖(KL)
∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2.
Which shows that {Λω}ω∈Ω is an integral KL-operator frame for B(H). 
Corollary 2.8. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for
B(H), then {Λω}ω∈Ω is an integral L-operator frame for any operator L in the
subalgebra generated by K.
Proof. Follows in view of last theorem. 
Theorem 2.9. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for
B(H), with best frames bounds A and B (the maximum and minimum bounds
respectively verify (2.1)). If Q : H −→ H is a linear homeomorphisme such
that Q−1 commutes with K∗, then {ΛωQ}ω∈Ω is an integral K-operator frame for
B(H) with best frames bounds C and D satisfying the inequalities :
A‖Q−1‖−2 ≤ C ≤ A‖Q‖2 , B‖Q−1‖−2 ≤ D ≤ B‖Q‖2. (2.12)
Proof. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for B(H),
with best frames bounds A and B, then,
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(w) ≤ B‖x‖2 x ∈ H,
Also, we have for all x ∈ H ,
A‖K∗x‖2 = A‖K∗Q−1Qx‖2 = A‖Q−1K∗Qx‖2 ≤ ‖Q−1‖2
∫
Ω
‖ΛωQx‖2dµ(w)
(2.13)
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By (2.13) and (2.1), we have,
A‖Q−1‖−2‖K∗x‖2 ≤
∫
Ω
‖ΛωQx‖2dµ(w) ≤ B‖Q‖2‖x‖2 x ∈ H.
Hense, {ΛωQ}ω∈Ω is an integralK-operator frame for B(H) with bounds A‖Q−1‖−2
and B‖Q‖2.
Now, let C and D the best bounds of the integral K-operator frame {ΛωQ}ω∈Ω,
then,
A‖Q−1‖−2 ≤ C and D ≤ B‖Q‖2 (2.14)
Moreover, we have,
‖K∗x‖2 = ‖QQ−1K∗x‖2 ≤ ‖Q‖2‖K∗Q−1x‖2, x ∈ H.
Hence,
C‖Q‖−2‖K∗x‖2 ≤ C‖K∗Q−1x‖2
≤
∫
Ω
‖ΛωQQ−1x‖2dµ(ω) =
∫
Ω
‖Λωx‖2dµ(w)
≤ D‖Q−1‖2‖x‖2.
Since A and B are the best bounds of an integral K-operator frame {Λω}ω∈Ω,
then we have,
C‖Q‖−2 ≤ A B ≤ D‖Q−1‖2. (2.15)
From (2.14) and (2.15), we obtaint (2.12) 
3. Perturbation of Integral K-Operator Frames
In this section we consider perturbation of an integral K-operator frames by
non-zero operators.
Theorem 3.1. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for
B(H) with frames bounds A and B. Let L ∈ B(H), (L 6= 0), and {aω}ω∈Ω any
family of scalars. Then the perturbed family of operator {Λω + aωLK∗}ω∈Ω is an
integral K-operator frames for B(H) if ∫
Ω
|aω|2dµ(ω) < A‖L‖ .
Proof. Let Γω = Λω + aωLK
∗, for all ω ∈ Ω. Then for all x ∈ H , we have,∫
Ω
‖Λωx− Γωx‖2dµ(ω) =
∫
Ω
‖aωLK∗x‖2dµ(ω),
≤
∫
Ω
|aω|2‖L‖2‖K∗‖2‖x‖2dµ(ω)
=
∫
Ω
|aω|2‖L‖2dµ(ω)‖K∗‖2‖x‖2,
≤ R‖K∗‖2‖x‖2. where R =
∫
Ω
|aω|2‖L‖2dµ(ω).
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On one hand, for all x ∈ H ,we have,
(
∫
Ω
‖(Λω + aωLK∗)x‖2dµ(ω)) 12 = ‖(Λω + aωLK∗)x‖l2(Ω,H)
≤ ‖Λωx‖l2(Ω,H) + ‖aωLK∗x‖l2(Ω,H)
≤ (
∫
Ω
‖Λωx‖2dµ(ω)) 12 + (
∫
Ω
‖aωLK∗x‖2dµ(ω)) 12
≤
√
B‖x‖ +
√
R‖K∗‖‖x‖
≤ (
√
B +
√
R‖K∗‖)‖x‖.
Then ∫
Ω
‖(Λω + aωL)x‖2dµ(ω) ≤ (
√
B +
√
R‖K∗‖)2‖x‖2. (3.1)
On other hand, for all x ∈ H , we have,
(
∫
Ω
‖(Λω + aωLK∗)x‖2dµ(ω)) 12 = ‖(Λω + aωLK∗)x‖l2(Ω,H)
≥ ‖Λωx‖l2(Ω,H) − ‖aωLK∗x‖l2(Ω,H)
≥ (
∫
Ω
‖Λωx‖2dµ(ω)) 12 − (
∫
Ω
‖aωLK∗x‖2dµ(ω)) 12
≥
√
A‖K∗x‖ −
√
R‖K∗x‖
≥ (
√
A−
√
R)‖K∗x‖
So, ∫
Ω
‖(Λω + aωLK∗)x‖2dµ(ω) ≥ (
√
A−
√
R)2‖K∗x‖2 (3.2)
From (3.1) and (3.2) we conclude that {Λω+aωLK∗}ω∈Ω is an integralK-operator
frame for B(H) if R < A, that is , if :∫
Ω
|aω|2dµ(ω) < A‖L‖ .

Theorem 3.2. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for
B(H), {Γω}ω∈Ω be any family on B(H), and let {aω}ω∈Ω, {bω}ω∈Ω ⊂ R be two
positively confined sequences. If there exists a constants α, β with 0 ≤ α, β < 1
2
such that,∫
Ω
‖aωΛωx−bωΓωx‖2dµ(ω) ≤ α
∫
Ω
‖aωΛωx‖2dµ(ω)+β
∫
Ω
‖bωΓωx‖2dµ(ω). (3.3)
Then {Γω}ω∈Ω is an integral K-operator frame for B(H).
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Proof. Suppose (3.3) holds for some conditions of theorem.
Then for all x ∈ H we have,∫
Ω
‖bωΓωx‖2dµ(ω) ≤ 2(
∫
Ω
‖aωΛωx‖2dµ(ω) +
∫
Ω
‖aωΛωx− bωΓωx‖2dµ(ω))
≤ 2(
∫
Ω
‖aωΛωx‖2dµ(ω) + α
∫
Ω
‖aωΛωx‖2dµ(ω) + β
∫
Ω
‖bωΓωx‖2dµ(ω)).
Therefore,
(1− 2β)
∫
Ω
‖bωΓωx‖2dµ(ω) ≤ 2(1 + α)
∫
Ω
‖aωΛωx‖2dµ(ω).
This give,
(1− 2β)[ inf
ω∈Ω
(bω)]
2
∫
Ω
‖Γωx‖2dµ(ω) ≤ 2(1 + α)[sup
ω∈Ω
(aω)]
2
∫
Ω
‖Λωx‖2dµ(ω).
Thus,
∫
Ω
‖Γωx‖2dµ(ω) ≤
2(1 + α)[sup
ω∈Ω
(aω)]
2
(1− 2β)[ inf
ω∈Ω
(bω)]2
∫
Ω
‖Λωx‖2dµ(ω). (3.4)
Also, for all x ∈ H ,∫
Ω
‖aωΛωx‖2dµ(ω) ≤ 2(
∫
Ω
‖aωΛωx− bωΓωx‖2dµ(ω) +
∫
Ω
‖bωΓωx‖2dµ(ω))
≤ 2(α
∫
Ω
‖aωΛωx‖2dµ(ω) + β
∫
Ω
‖bωΓωx‖2dµ(ω) +
∫
Ω
‖bωΓωx‖2dµ(ω)).
Therefore,
(1− 2α)[ inf
ω∈Ω
(aω)]
2
∫
Ω
‖Λωx‖2dµ(ω) ≤ 2(1 + β)[sup
ω∈Ω
(bω)]
2
∫
Ω
‖Γωx‖2dµ(ω).
This give:
(1− 2α)[ inf
ω∈Ω
(aω)]
2
2(1 + β)[sup
ω∈Ω
(bω)]2
∫
Ω
‖Λωx‖2dµ(ω) ≤
∫
Ω
‖Γωx‖2dµ(ω) (3.5)
From (3.4) and (3.5) we conclude,
(1− 2α)[ inf
ω∈Ω
(aω)]
2
2(1 + β)[sup
ω∈Ω
(bω)]2
∫
Ω
‖Λωx‖2dµ(ω) ≤
∫
Ω
‖Γωx‖2dµ(ω) ≤
2(1 + α)[sup
ω∈Ω
(aω)]
2
(1− 2β)[ inf
ω∈Ω
(bω)]2
∫
Ω
‖Λωx‖2dµ(ω).
Hence, {Γω}ω∈Ω is an integral K-operator frame for B(H). 
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4. Stability of Integral K-Operator frames
Theorem 4.1. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for
B(H) with bounds A and B. Let {Γω}ω∈Ω ⊂ B(H) and 0 ≤ α, β.
If 0 ≤ α + β
A
< 1 such that,∫
Ω
‖(Λω − Γω)x‖2dµ(ω) ≤ α
∫
Ω
‖Λωx‖2dµ(ω) + β‖K∗x‖2. (4.1)
Then the family {Γω}ω∈Ω is an integral K-operator frame for B(H) with frame
bounds A(1−
√
α+ β
A
)2 and B(1 +
√
α + β‖K‖
B
)2
Proof. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for B(H)
with bounds A and B.
Then for each x ∈ H we have,
‖{Λωx}ω∈Ω‖l2(H) ≤ ‖{(Λω − Γω)x}ω∈Ω‖l2(H) + ‖{Γωx}ω∈Ω‖l2(H)
≤
√
α
∫
Ω
‖Λωx‖2dµ(ω) + β‖K∗x‖2 +
√∫
Ω
‖Γωx‖2dµ(ω)
≤
√
α
∫
Ω
‖Λωx‖2dµ(ω) + β
A
∫
Ω
‖Λωx‖2dµ(ω) +
√∫
Ω
‖Γωx‖2dµ(ω)
Or,
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(ω)
Then,
A(1−
√
α +
β
A
)2‖K∗x‖2 ≤
∫
Ω
‖Γωx‖2dµ(ω) (4.2)
Also, we have:
‖{Γωx}ω∈Ω‖l2(H) ≤ ‖{(Λω − Γω)x}ω∈Ω‖l2(H) + ‖{Λωx}ω∈Ω‖l2(H)
≤
√
B(α +
β‖K‖
B
)‖x‖
So, we get : ∫
Ω
‖Γωx‖2dµ(ω) ≤ B(α+ β‖K‖
B
)2‖x‖2 (4.3)
From (4.2) and (4.3), we conclude that {Γω}ω∈Ω is an integral K-operator frame
for B(H) with frame bounds A(1−
√
α + β
A
)2 and B(α + β‖K‖
B
)2. 
Corollary 4.2. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for
B(H) with bounds A and B. Let {Γω}ω∈Ω ⊂ B(H). If there is 0 < β < A such
that, ∫
Ω
‖(Λω − Γω)x‖2dµ(ω) ≤ β‖K∗x‖2. (4.4)
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Then the family {Γω}ω∈Ω is an integral K-operator frame for B(H) with frame
bounds A(1−
√
β
A
)2 and B(1 +
√
β‖K‖
B
)2
Proof. Obvious 
Theorem 4.3. Let K ∈ B(H) and {Λω}ω∈Ω be an integral K-operator frame for
B(H) with bounds A and B. Let {Γω}ω∈Ω ⊂ B(H). If there exist a constant
0 < M such that,∫
Ω
‖(Λω − Γω)x‖2dµ(ω) ≤M.min(
∫
Ω
‖Λωx‖2dµ(ω),
∫
Ω
‖Γωx‖2dµ(ω)), x ∈ H.
Then the family {Γω}ω∈Ω is an integral K-operator frame for B(H).
Proof. On one hand, we have for all x ∈ H ,
A‖K∗x‖2 ≤
∫
Ω
‖Λωx‖2dµ(ω)
≤ 2(
∫
Ω
‖(Λω − Γω)x‖2dµ(ω) +
∫
Ω
‖Γωx‖2dµ(ω))
≤ 2(M.min(
∫
Ω
‖Λωx‖2dµ(ω),
∫
Ω
‖Γωx‖2dµ(ω)) +
∫
Ω
‖Γωx‖2dµ(ω))
≤ 2(M.
∫
Ω
‖Γωx‖2dµ(ω) +
∫
Ω
‖Γωx‖2dµ(ω))
≤ 2(M + 1)
∫
Ω
‖Γωx‖2dµ(ω).
On the other hand, we have,∫
Ω
‖Γωx‖2dµ(ω) ≤ 2(
∫
Ω
‖(Λω − Γω)x‖2dµ(ω) +
∫
Ω
‖Λωx‖2dµ(ω))
≤ 2(M + 1)‖x‖2,
finally we find,
A
2(M + 1)
‖K∗x‖2 ≤
∫
Ω
‖Γωx‖2dµ(ω) ≤ 2(M + 1)‖x‖2
which ends the proof. 
Theorem 4.4. Let K ∈ B(H). For k = 1, ...., n, let {Λω,k}ω∈Ω ⊂ B(H) be an
integral K-operator frames and {ak}nk=1 be any scalars. Then (
n∑
k=1
akΛω,k)ω∈Ω is
an inetgral K-operator frames if there exist 0 < β and some p ∈ {1, ...., n} such
that,
β
∫
Ω
‖Λω,px‖2dµ(ω) ≤
∫
Ω
‖
n∑
k=1
akΛω,kx‖2dµ(ω), x ∈ H. (4.5)
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Proof. For each 1 ≤ p ≤ n, let Ap and Bp the bounds of the integral K-operator
frame {Λω,p}ω∈Ω. Let 0 < β be a constant satisfying (4.5), then, for all x ∈ H ,
we have,
Apβ‖K∗‖2 ≤ β
∫
Ω
‖Λω,px‖2dµ(ω)
≤
∫
Ω
‖
n∑
k=1
akΛω,kx‖2dµ(ω)
Moreover, for all x ∈ H , we have,
∫
Ω
‖
n∑
k=1
akΛω,kx‖2dµ(ω) ≤
∫
Ω
n(
n∑
k=1
‖akΛω,kx‖2)dµ(ω)
≤ n( max
1≤k≤n
|ak|2)
n∑
k=1
(
∫
Ω
‖Λω,kx‖2)dµ(ω))
≤ n( max
1≤k≤n
|ak|2)(
n∑
k=1
Bk)‖x‖2.
Hence, (
n∑
k=1
akΛω,k)ω∈Ω is an inetgral K-operator frames for B(H). 
Theorem 4.5. Let K ∈ B(H) and {Λω,k}ω∈Ω ⊂ B(H) be an integral K-operator
frame for each k = 1, ...., n and {Γω,k}ω∈Ω be any family in B(H) for 1 ≤ k ≤ n.
Let L : l2(Ω, H) −→ l2(Ω, H) be a bounded linear operator such that,
L((
n∑
k=1
Γω,kx)ω∈Ω) = (Λω,px)ω∈Ω, for some p = 1, ..., n.
If there exist a positive constant λ such that,
∫
Ω
‖(Λω,k − Γω,k)x‖2dµ(ω) ≤ λ
∫
Ω
‖Λω,kx‖2dµ(ω), k = 1, ..., n. x ∈ H.
Then (
n∑
k=1
Γω,k)ω∈Ω is an integral K-operator frames for B(H).
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Proof. For any x ∈ H , we have,∫
Ω
‖
n∑
k=1
Γω,kx‖2dµ(ω) ≤ 2n(
∫
Ω
n∑
k=1
‖(Λω,k − Γω,k)x‖2dµ(ω) +
∫
Ω
n∑
k=1
‖Λω,kx‖2dµ(ω))
≤ 2n
n∑
k=1
(λ
∫
Ω
‖Λω,kx‖2dµ(ω) +
∫
Ω
‖Λω,kx‖2dµ(ω))
≤ 2n(1 + λ)(
n∑
k=1
Bk)‖x‖2.
Also, for all x ∈ H , we have:
‖L((
n∑
k=1
Γω,kx)ω∈Ω)‖2 =
∫
Ω
‖Λω,px‖2dµ(ω).
Therefore, we get:
Ap‖K∗x‖2 ≤
∫
Ω
‖Λω,px‖2dµ(ω).
This gives,
Ap
‖L‖2‖K
∗x‖2 ≤
∫
Ω
‖
n∑
k=1
Γω,kx‖2dµ(ω), x ∈ H
Hence, (
n∑
k=1
Γω,k)ω∈Ω is an integral K-operator frames for B(H). 
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